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SOLUTIONS OF PROBLEMS. 221 

He proceeds with the demonstrations, occupying two and one half pages of the Quarterly, 
avoiding the methods he criticizes and that by differentiation referred to in Mr. Pinkel's problem, 
closing with the words "the results here obtained coincide, it may be remarked, with those given 
in Todhunter's Int. Cal." 

To solve Professor Pinkel's problem we need only put a = in the first of the integrals 
mentioned by Walton. 

437 (Calculus). Proposed by leigh page, Yale University. 

Integrate 

f+°o sin 2 a; , 

J-<x> x 2 

without the use of the gamma functions. 

I. Solution by Oscak S. Adams, Coast and Geodetic Survey, Washington, D. C. 
By direct integration, we have 

J'oo 1 

e~ ax dx = - . 
o a 

Let a = a — i8. Then 

Jo e ax a -iff c? + (P' 

or 

J"»oo a -\- i8 

e -<u:( cog sx + i sin Bx)dx = , . £ . . 
ot ~T p 

By equating real and imaginary parts we obtain the two definite integrals 

f™ e~°* cos 8xdx = —p^ , and f °° e-«* sin 8xdx = ^fp ■ 
Since the first of these integrals is a uniform function of £, we have the relation 

o #J •— oob flaxfa - J dxJ Q e-°*cosp-xd{)=J -j+p\ 

or 

C<° „sin/3x, , .3 
i e -ax — c_ d x = tan x — . 

Jo X a 

... 1C 8 7T 

This integral is also a uniform function of 8 in the region + x = tan -1 - 2i — ■= . 

1 Ot A 

Hence, in this domain, we have 

r dx re-<* S ™^d8= f\^d8 
Jo Jo x Jo a 

or 

C* e-«(l - cos 2x) , _. _. 2 a, , „ . .. 

Jo —& dx = 2 tan ' " ~2 log (q? + 4) - 

This is a uniform function of a. Hence, a can converge to zero. This gives 

f » 2 sin 2 a; , „ w C " sin2 « j i 

/„ — , — dx = 2 • x = w, or I — 5— <fo = \ir. 

Jo x 2 2 ^0 a; 2 

Since sin 2 a;/a; 2 is an even function of x, we have 

C<° sin 2 a; , „ C » sin 2 a; , 
I — -j— <fo = 2 l„ — ,— da; = x. 
«'— 00 a; 2 J° x 2 

II. Solution by G. Paaswell, N. Y. City. 

Since sin 2 a;/a; 2 is an even function of x we have 
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«' — oo a;2 ^0^2 

Place 

p*> sin 2 aa; , ± , <fo f M sin 2aa; , v 

L — ; — dx = u: then t- = / ax = s . 

•'o a; 2 ' da •'o a; 2 

Hence, w = wa/2. Upon placing a = 1, we have 

f°°sin 2 a; , t , f M sin 2 a; , 

/„ — r- <fo = ^ , and I — 5- az = ir. 

*so x 2 2 " — » a; 2 

III. Solution by the Proposer. 
The definite integral 

r+°° sin 2 a: , 
»/ — 00 #2 

is one of frequent occurrence in theoretical physics. As the text-books invariably seem to use 
gamma functions in evaluating this integral, the following integration without the use of other 
than the elementary functions may be of interest to lecturers in theoretical physics and to their 
students. We have 



r+°° sin 2 a; , _ o f °° sul ' x 1 
J —k x 2 ~ *^c a; 2 

since the integrand is an even function of x. 
Consider 

Since the limits for the y integration are not functions of x\ 

J'CO /*00 /*CO /»00 /*CO /*CO 

Jo Jy e-^sm? xdxdydy = J Q J^ J Q «-»* sin 2 axfyaVaa: 

= 2Jo Jy d y d y I Jo ^^ - Jo enm cos 2x<& J • 

Now 

J'oo 1 /»oo 1/ 

„ e-y'dx = - and I e-*» cos 2a;d*a; = , , . . 
y Jo «2 _j_ 4 

Hence, 

So T ' J^e-v* sin* xdxdydy= 2 f " ' f y W -^ } =1^ l og (l +^)dy. 

Integrating the last expression by parts, 

•£-*(. + $)*-i[»*(> + *)r+ir I * ? -i['*( i +?)r+i- 

The expression y log [1 + (4/y 2 )] is indeterminate for both limits. Evaluating it by the 
usual methods, it becomes zero for each. Hence, 



r°°sin 2 a: , r C m sin 2 a; , 

/„ r- dX = rz Or I =- dx = ir. 

Jo x 2 2 «/— 00 x 2 



Solutions similar to the second above were received from William Hoover 
and Paul Capron. 

Solutions were received too late for credit in a previous issue of the Monthly 
as follows: From Paul Capron, 490 and 491 Algebra and 522 Geometry; from 
C. P. Sousley, 486 and 488 Algebra and 518, 520, 521, and 522 Geometry; 
from William Hoover, 521 and 522 Geometry; and from C. C. Yen, 490 Algebra 
and 522 Geometry. 



